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KONCAY HUSEYINt

Department ofCivil Engineering, Middle East Technical University,
Ankara, Turkey

Abstract-The stability of a general elastic structural system described by N generalized coordinates and M
loading parameters is studied. Attention is restricted to conservative systems whose loss of stability is associated
with a "general" critical point. Explicit asymptotic relationships describing the equilibrium surface in the vicinity
of the critical point are derived intrinsically. The introduction of a certain transformation allows the local
properties of the equilibrium surface and the nature of buckling to be examined conveniently. A theorem con·
cerning the stability distribution on the equilibrium surface is proved.

Particular emphasis is given to the stability boundary of the system. It is found that a close relationship
between the type of the critical point and the shape of the stability boundary exists. Three theorems concerning
the basic properties of the stability boundary are established.

I. INTRODUCTION

IT HAS been shown [1, 2J that the buckling behaviour ofstructures under combined loading
can normally be described either by a "general" or a "special" critical point on the
equilibrium surface. The former is generally associated with a limit point, but under
some conditions bifurcation of solution can also be obtained at the same critical point.
The latter, on the other hand, is a genuine bifurcation point at which a simple extremum
is definitely ruled out.

In the literature there exist a substantial number of investigations concerned with the
latter case. In fact, the loss of stability of frames, plates, cylindrical and conical shells
subjected to certain combinations of axial compression, shear, external pressure, etc., is
often associated with a "special" critical point. In contrast, the existing work which can
be associated with a "general" critical point is very limited. The experimental [3] and
theoretical [4] investigations of Evan-Ivanowski and Loo on the buckling behaviour of a
shallow spherical shell under the action of combined uniform pressure and concentrated
load at the apex form an example ofthe "general" case. As another example Sabir's work [5]
on deep spherical shells can be mentioned.

In the development of the general theory of elastic stability it is usually assumed [6-9]
that the external loading of structures can be described by a single variable parameter.
Sewell [10] in presenting the static perturbation technique for stability problems has
started his analysis with a potential energy function comprising several parameters, but
due to the introduction of a single perturbation parameter at an early stage of the analysis,
the complete explicit equations of the equilibrium surface were not obtained. Furthermore
the stability boundary of the system was not examined.

The determination ofa stability boundary arises as a significant problem in connection
with combined loading. Papkovich [11J considering the bifurcation buckling of a system
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proved that the associated stability boundary cannot have convexity towards the region
of stability. On the basis of this theorem one can readily arrive at some significant con­
clusions; thus the segment of a straight line joining any two points on the stability boun­
dary, for instance, represents a safe stability estimate and a lower bound to the problem.
The systems considered by Papkovich, however, exhibit a purely trivial fundamental
solution involving no pre-buckling deflections.

The aim of this paper is to develop the concepts introduced in a previous work [1]
and present a detailed discussion of the "general" case. In view of the very limited existing
work concerned with general critical points, it is felt that the assessment of general buckling
and post-buckling characteristics of such a system will provide useful information for
many practical problems of this nature. Particular emphasis is given to the associated
stability boundary and a concavity theorem for one-degree of freedom systems is proved.
The theory is developed in terms of generalized coordinates, only elastic conservative
systems being considered.

All the transformations used in the analysis are linear, and no attempt is made to
obtain the results or part of the results in invariant form.

2. BASIC DEFINITIONS AND FORMULATION OF THE PROBLEM

The system under consideration is described by N generalized coordinates Qi and M
loading parameters Aj. Before proceeding with the development of the theory it will be
convenient to introduce some of the geometrical concepts which will be used throughout
this paper, and make some basic definitions which will help the understanding of the
analytical approach.

Reference will often be made to two multi-dimensional spaces (manifolds) namely the
M-dimensional load-space and M + N dimensional load-deflection space, the former
being a sub-space of the latter. It is assumed that the correspondence between the points of
these spaces and all ordered sets of variables is unique.

For a given state of loading (i.e. for a given set of Aj) there will exist corresponding
positions of equilibrium, and an equilibrium state can be associated with a point of M + N
dimensional load-<leflection space. The entirety of these equilibrium points is called the
equilibrium surface. It must be understood that, although a one-to-one correspondence
between the points of the load-deflection space and a specific set of M + N variables
(Qi - Aj) is assumed to exist, it does not necessarily follow that there is also a one-to-one
correspondence between a set of the loading parameters and the equilibrium states of
the system. In fact, the points of the load-space will, in general, be associated with more
than one equilibrium state which can be stable or unstable. Some of the points of the
load-space may correspond to states of critical equilibrium and we shall call the entirety
of these points the critical surface. Considering now a certain sequence of loading from
the unloaded state, certain points of the critical surface will be associated with an initial
loss of stability and we shall call the entirety of these points the stability boundary. In
other words the stability boundary is a specific part of the critical surface. It will later be
shown that no neighbouring equilibrium states exist beyond the stability boundary, and
then the stability boundary can more aptly be termed the existence boundary demarcating
the regions of existence and inexistence. It must be noted that the critical surface and
consequently the stability boundary are defined in the loading space and not in the load­
deflection space. In fact, they are the projections of the critical zone (consisting of critical
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equilibrium states) of the equilibrium surface into the loading space. This is illustrated
on a strip of the equilibrium surface in Fig.!. In general, the equilibrium surface can have a
complicated shape, and at this stage we shall introduce the total potential energy of the
system which will be the basis of the subsequent analysis and provide an analytical definition
of the equilibrium surface. We assume that the total potential energy function

(1)

I
Equilibrium Surfoe.

FIG. I.

is single-valued and well-behaved at least in the region of interest. The N equilibrium
equations

aV(Qj,A
k

) = 0
8Qi

(2)

define an M dimensional equilibrium surface in the M +N dimensional load-deflection
space. Suppose the equations (2) are solved simultaneously to yield results in the form

(3)

and consider an arbitrarily chosen point F on the equilibrium surface representing a state
of equilibrium Qf(Aj;.) which will be called fundamental. Using qi and )) to denote incre­
ments in the variables Qi and Ai respectively, the energy function can be referred to this
fundamental state by writing it in the form

(4)
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We further introduce a linear, non-singular and orthogonal transformation,
N

qi = I (XijUj,
j= I

(5)

to diagonalize the quadratic form of the energy function in the qi' Introducing (5) into
the equation (4) we get a new function

H(u;,A/) == V(Qf +Cl:ijUj,A}+?). (6)

New variables Ui are called "the principal generalized coordinates".
The energy function being diagonalized, the derivatives Hii(O,O) == (02 Hjouf)o repre­

sent the Poincare's stability coefficients and the "general" critical point is defined [1]
as a point on the equilibrium surface where H 11 "" 0, H ss 0# ° for all s 0# 1 and
grad)HI(O,O):f:. 0.

Assuming that our fundamental state F coincides with a "general" critical point, we
shall now introduce a transformation of the Ai coordinates which will provide a canonical
representation of the linear form corresponding to (81Hj8u I0?ci )!O == HidO, 0). Thus we
choose a certain linear, non-singular and orthogonal transformation

M

).i = I /3ijc/>j,
;= I

(7)

such that whenit is substituted into the energy function H(Ui, A/) the resulting transformed
energy function

n(Uj, c/>j) == H(Ui, Ifiiic/>j)

will have the following properties:

n'I(O,O) =f 0, nT(O, 0) = °

(8)

(9)

(11)

for all m 0# 1. Here and elsewhere subscripts and superscripts denote partial differentiation
with respect to the corresponding Ui and c/>i respectively, and all derivatives are evaluated
at the fundamental state which is now a "general" critical point.

Clearly this transformation is based on the assumption that some coefficient H i
l (0,0)

is not zero, and in fact this condition is satisfied by the definition of the general critical
point (i.e. by grad;. H~(O, 0) :f:. 0). We also note that since the transformation (7) is related
only to the A!, the quadratic form of the new function n in the Ui is still diagonalized. Thus

nilO,O) ° for i 0# j (10)

and the general critical point is defined simply by nIl =°and 1tss :f:. °for s i= L

3. EQUILIBRIUM SURFACE

We can now start the analysis with the new potential energy function n(ui> c/>i), the only
necessary properties of which are given by the equations (9) and (10). The solution of N
equilibrium equations 1ri(Uj, c/>k) can be described in parametric form by the functions,

l~i = uj(ek
)
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of M unspecified parameters ek which must be chosen so that the functions (11) are single­
valued. The parameters e~ can subsequently be equated to appropriate variables according
to the nature ofthe problem under consideration [2]. In order to avoid further complication
and due to the fact that this paper is devoted to the study of a general critical point only,
we shall choose the independent variables in the beginning, this choice being guided by
the authors previous work [1]. (See also Thompson's paper [12].) Thus we choose the
critical coordinate Ul and transformed loading parameters ¢m(m i= 1) as M independent
variables and have the functions in the form

(12)

where s i= 1, m i= 1. Substituting these functions back into the equilibrium equations
ni = 0 we get

(13)

in which although we write Ui(Ul, ¢m) and ¢k(Ul' ¢m) for the sake of tidiness, in fact, only
Us and ¢' are the functions of Ul and ¢m while all the ¢m(m i= 1) and Ul are independent
variables. It is further understood that the left-hand sides of (13) are the identically zero
functions of the independent variables and can therefore be differentiated with respect
to Ul and ¢m as many times as we please.

Thus differentiating (13) once with respect to Ul and once with respect to
¢m(m = 2, 3, ... , M) we get

nijUj,1 +~{¢{ = O,}
nijuj +n{¢J,m = 0

(14)

where differentiation of variables are indicated by superscripts and subscripts with commas,
and summation convention is adopted both for subscripts and superscripts separately
so that summations over subscripts range from 1 to N and over superscripts from 1 to M.

Evaluating (14) at the critical point F we have

and

¢'1=0 } for i = 1
¢"m = 0

Us,l = 0 1
for i = s.

nm

U:' = _..-!-
nss

(15)

(16)

Differentiating the first of the equations (14) with respect to Ul we have

(nijkuk,l +n~j¢~)Uj,l +nijuj ,l1 + (n{kuk,l +n{k¢~)¢{ +n{¢{l = 0 (17)

which when evaluated at the point F yields for i = 1
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and for i = s
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(18)

Differentiating again the first of equations (14) this time with respect to
¢m(m = 2, 3, ' , , , M) we get

(19)

which upon evaluation yields for i = 1

(20)

Now we differentiate the second of the equations (14) with respect to ¢n(n = 2.3.
to get

(n·· tl+nk.,./,k.n)um+n"u~n+(nJun+njkA,k,"),./,j,m+nJ,./,j,mn - 0IJk k IJ'+' J lJ J lk k I 'v 'v I'+' -.

'.M)

(20

Evaluating at the critical point F and using the equations (15) and (16) we get for i = 1

(22)

(23)

wheres oF l,r:f. l,m:f. l,n oF 1.
We are now in a position to derive the asymptotic relationship ¢' = c/>'(UI, <//,') and

Us = us(u j , ¢m). Thus, using Taylor's expansion and the derivatives (15). (16), (18), (20\
and (22) we have

I ,I 2 (m n,:) m 1( mn n':n~ n,;'..n~) m nnj¢ +-nl I JUI + nIl ~-nl Is-- U I ¢ +;:, n 1 +nl sr -2-- ¢ ¢ = 0
2 nss _ 7I: ss rr rr rr."

and

(24)

(25)

where summation convention, as described before, is adopted. Using (23), the equation (24)
can also be written in the form

(

I 71:s I Irr'l ) In u +nmA,m+ rr --...-. ,./, = o.ss s s \f' s 'Y
nlll

The equations (23) and (25), when considered together, define the M dimensional
equilibrium surface in the vicinity of the fundamental state F, and when considered in~

dividually they represent the projections of this surface into the UI - ¢i and Us <pi sub­
spaces respectively.

Suppose we take a general ray given by ¢i = li~ where at least /' :f. O. The equilibrium
equations (23) and (25) will then yield

(26)
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[
mlm (' 1t5 111t'1)I'J;: - 0 (27)11:5SUS + 11:5 + 11:s-~~ .,-

which indicate a limit point on a plot of U 1 against ~.

On the other hand, suppose we take a special ray defined by cP i = li~ where /' 0 and
1m =1= 0; the equations (23) and (25) now yield

Ul = _1_[ -a±(a2-nlllb)tJ~ (28)
n111

and

in which a and b are constants and given by

(
m 11:':) m _ m ma = n 11 - 11:s11'- I = c I

11:.<5

(28) obviously indicates bifurcation on a plot of ~ against u1 provided

a2
- 11: 11 1b > O.

(29)

(30)

(31)

It is thus observed that at a general critical point both an extremum and bifurcation
can be obtained on different plots, this depending on the shape of the equilibrium surface.
In order to visualize this surface we shall consider the special case of two loads, namely cP'
and <p 2

; then (23) becomes the equation of a

Synclastic < 0

Antic1astic surface if a2
- 7t IIIb > 0

Parabolic = O.

(32a)

(32b)

(32c)

These surfaces are illustrated in Figs. 2(a), (b) and (c) respectively. Using a similar terminol­
ogy the critical point F can be called elliptic if(32a) holds, hyperbolic if(32b) holds and para­
bolic if (32c) holds. It is clear that in the event of elliptic and parabolic points bifurcation
is ruled out while a hyperbolic point can be regarded a limit point on a plot of UI - <p',
and a bifurcation point on a plot Ul _¢2.

Extending the terminology used for two-dimensional surfaces to multi-dimensional
surfaces, we shall call the surface (23) synclastie if (32a) holds for all possible rays given
by ¢i li~ where l' = 0, some 1m =1= O(m =1= 1) in which case the matrix [cmc"-11:111dm"J is
negative definite. The surface (23) will be called antic/astic if(32b) holds for all rays defined
above in which case the matrix [emc" -1tll1dm"J is positive definite. Similarly the surface (23)
will be called parabolic if (32c) holds for all rays defined above in which case the matrix
[erne" -7t llldm

") becomes a null matrix. Clearly, if the surface is not synclastic, it does not
necessarily follow that the surface is either anticlastic or parabolic. In fact. when the
matrix [cme"-n111dm"J is indefinite, the surface takes a quite arbitrary shape. One of the
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F ................. u,

(0)

F u,

u,

(b)

~1 fl

;,
;
,

F ............\ U, F u,

FIG. 2.

reasons we introduce the above terminology is to ease the reference to these particular
shapes which will often arise.

4. CRITICAL ZONE AND STABILITY BOUNDARY

In the preceding section the shape of the equilibrium surface around a general critical
point has been investigated. In this section we proceed to determine other critical points
which might exist in the vicinity of the point F on the equilibrium surface.

Critical points should satisfy the determinantal equation

~ = 11l4Uk,4>')l == IHij(uk' AI)l == IIXijl21 ViMb 2')1 = O. (33)
Differentiating the determinant ~(Uk> 4>') = Iniiulo 4>')1 by columns (or by rows) once with
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respect to Ui and once with respect to 4Jj and evaluating at the point F we get

~i = nil I nnss}
s"'2

N

~j = n{ I nnss
s'" 2

685

(34)

which will be used later in the analysis.
Considering the equation (33) together with the equilibrium equations, we see that the

solution of these N +1 equations can be described by N + 1functions of M -1 independent
parameters which we choose as 4Jm(m i= 1). Thus the functions take the form

(35)

where a star is used to denote the critical variables. If these functions are substituted into
the equilibrium equations ni = 0 and into the equation (33) we obtain the conditions of
critical equilibrium as

ni[Ui~m), ~,(~m), ~mJ = a,}
A[ui(4Jm), 4J'(4Jm), 4JmJ = O.

Differentiating these functions with respect to <pm(m = 2, ... , M) we have

which on evaluating at the critical point F yield

14:' = 0

(36)

(37)

(38)

It is noted that subscripts and superscripts on the variables now denote differentiation
with respect to the corresponding generalized coordinate and critical loading parameter
respectively.
• Differentiating the first of the equations (36) for a second time with respect to

4Jn(n = 2, 3, ... , M) we get

(nijkUZ + n;j<p"n + ni)u'J' + niju'J'n + (ni/lj + ni'<p"n + nn<p,·m+ n;<p I
•
mn

+n~un+nml;'l,n+nmn = 0
1) J 1 0/ 1 •

Evaluating at the point F, (39) yields

nll liiiui + n IlSunlil:' + nl1s~ui'+nlsrU~U:

n *m n * ,l'.mn m'" m *n mn+ n 11 Ul + n Isif," + nl 'I" + n11 i7i +nlsus+ nl = O.

(39)

(40)



686 KONCAY HUSEYIN

Substituting for iii and U:' in (40) we get

• 1
1>"mn = -;---(cmen 1l:1 I Idmn)

1l: 1 1l: 1 11
(41)

where em and dmn are constants and defined by (30).
The asymptotic relationships can now be written in the form

and

(42)

(43)

(44)

which, when considered together, define the critical zone of the equilibrium surface in the
vicinity of the critical point. When considered individually, (42) represents the stability
boundary (in general the critical surfaces) while the equations (43) and (44) represent the
projections of the critical zone in the Ul -1>m and Us 1>'" subspaces respectively.

Now suppose the fundamental state is an elliptic point satisfying (32a) for all rays given
by 1>m = lm( (m =I 1), then, the matrix [cmcn-n 111 dmn] is negative definite and hence the
stability boundary (42) is a synclastic surface concave towards the region of existence
which is identified by the curvature 1>'1 df = nIl tin'! obtained from the equilibrium
equation (23) on a plot of u! against 1>'. In the majority of practical problems it becomes
concave towards the origin of the loading space.

On the other hand if the fundamental state is a hyperbolic point the stability boundary
is again synclastic but convex towards the region of existence. If F is a parabolic point the
stability boundary becomes a plane.

It must be noted that in general the stability boundary might not be synclastic, and
this happens when the matrix [cmcn- 1l: 111dmn] is indefinite, this possibility being obviously
ruled out in case of two loading parameters (1)' and 1>2) only.

We clearly see, however, that if the matrix [cmen
n!l!dmn] is positive or positive definite

i.e. if

(45)

the stability boundary cannot have convexity towards the region of existence. Since the
condition (45) also eliminates (see section 3) the possibility of bifurcation, a Theorem has
been established:

THEOREM 1
If the critical point is a genuine limit point at which bifurcation is ruled out, then the

associated stability boundary cannot have convexity towards the region of existence.

COROLLARY 1
A necessary condition that the stability boundary is convex with regard to the region

of existence is that the possibility of bifurcation at the associated critical point must not
be ruled out.
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COROLLARY 2
In the particular case of two loads (¢' and ¢2) only, the aforementioned condition

(corollary 1) is both necessary and sufficient. i.e. Ifbifurcation at the critical point is possible
then the stability boundary is convex with respect to the region of existence.

5. STABILITY BOUNDARY OF A ONE-DEGREE OF FREEDOM SYSTEM

So far, the potential energy function V and consequently the functions Hand n were
assumed to be general in the sense that they were not linear in the loading parameters.
These parameters can, therefore, represent some other variables such as imperfections.
In the majority of structural problems, however, the potential energy V is linear in external
loads, and if the Ai are restricted to represent the external loading only, we can conclude
on the basis of the transformation (7) that all the second and higher order derivatives of
the function n with respect to the ¢i should vanish. Thus

n.!k = n.!kl = ... = n~l = n~lm = ... = 0
I I I} 1) • (46)

Using (46) and assuming that we have only two loads, namely the ¢' and ¢2, (the proof
for the case of M loads will be given elsewhere) we obtain the stability boundary of a
one-degree of freedom system as

and the equilibrium surface as

n'I¢'+!-nllluT+nTlul¢2 = 0

where brackets are used to denote the square of variables with superscripts.
On a comparison of the curvatures

).,,221 _ (nTd
2 d -1-.' I _ nlll

'I' F - -,-- an 'I'll F - --,-
nlnl ll nl

(47)

(48)

we see that the stability boundary is convex towards the region of existence. Hence the
following theorem for a one-degree of freedom system with two loads is proved;

THEOREM 2
The stability boundary of a one-degree of freedom system with two loads, cannot

have convexity towards the region of inexistence.

6. CRITICAL SURFACES AS THE EXISTENCE BOUNDARY

It is noted that we are using the curvature ¢'lliF = -nll/n'l as a criterion to determine
the regions of existence and inexistence, but this point needs further clarification.

Evidently, if ¢m = 0 (m #- 1) the real equilibrium states in the vicinity of F can only
exist for either ¢' > 0 or ¢' < 0 depending on the sign of the coefficients nlll and n'l'
We shall now show that the critical surfaces (and in particular the stability boundary)
constitute an existence boundary in the sense that real equilibrium states can only exist
for the points (of the load-space) lying on one side of the critical surface, there being no
neighbouring equilibrium states corresponding to the points lying on the other side of the
critical surface.
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(49)

Considering an aIbitrarily chosen point A on the critical surface defined by a set of
critical parameters 4>1 (i = L 2, ... ,M) we shall examine the corresponding equilibrium
states by keeping ¢m = J'A = const (m ::;6 I) and giving a small but finite increment e to J~.
For certain values of e, a set of parameters

¢m = ¢'A, </J' = ¢~+[

defines a point in the original load-space (N space).
Substituting for </J' and ¢m in the equilibrium equation (23) we get

, ;;"1 , 12m 1m ldmnlm).n
n 1'f'A +n Ie+"In I 11 U 1 +CUI 'PA +"I 'PA 'PA = O.

Using (42) and (43) which must be satisfied by all the critical parameters we have

nIl I
(50)

Now suppose nIl I and n'l have the same sign, then, real equilibrium states can only
exist for e < O. As the point A slides on the critical surface, e < 0 will define the region
of existence and e > 0 (the other side of the critical surface) will define the region of in­
existence, On the other hand if nil! and n'! have the opposite sign, real solutions can only
exist for e > 0 defining the region of existence. Obviously e = 0 gives the point A.

Thus it can be concluded that the critical surface is, in fact, an existence boundary and
regions of existence and inexistence can be located by examining the sign of the curvature
</J'IIIF. This is a general result which is valid regardless of the shape of the equilibrium
surface. On the basis of afore going theory the following theorem can be stated:

THEOREM 3
The critical surfaces constitute an existence boundary so that neighbouring equilibrium

states can only exist for the points (ofthe load-space) lying on one side ofthe critical surfaces.

7. STABILITY OF EQUILIBRIUM

In order to examine the stability of the equilibrium states in the vicinity of F we suppose
that F is general primary so that nil = 0, nss > 0 (s i: 1).

For the stability of an equilibrium state, it is required that the potential energy function
have a complete relative minimum at that point. If the state is non-critical the necessary
and sufficient condition of stability is the positive definiteness of the second variation of
energy. This implies that the stability determinant

Ii(uk , </JI) = jnduk> </JI)I

evaluated at that point must be positive. If the stability determinant is negative, then, the
equilibrium state is unstable, It must be noted, however, that the assessment of stability
by examining the sign of the stability determinant is only valid in the vicinity of a primary
critical point since the stability coefficients cannot change sign in this small region before
passing through zero.

Expanding Ii(uk> </JI) into Taylor series around F, and using (34) we have
N

Ii = (nl1iui+ nill</Ji) n nss+M< .]+, ..
s= 2

(51 )
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Evaluating (51) at an arbitrary equilibrium point which is defined by the equations (23)
and (24), and keeping to a first approximation we get

N

~ = (1t111Ul +Cm4Jm) TI1tSS '

s=2

(52)

Since we are restricting attention to the neighbourhood of a primary critical point
where 1t.. > 0 (s #- 1) we have the following stability criterion

1
> stable

1tt 1 t Ul +cm4Jm = 0 for critical equilibrium.

< unstable

(53)

Consider now a critical point A on the critical zone satisfying the equations (42), (43),
and (44). Neighbouring equilibrium states can be obtained by keeping ~A (m #- 1) con­
stant and giving a small but finite increment c to ~A' Thus for certain values of c, the set of

(54)

corresponds to certain equilibrium states. U 1 was determined in the preceding section
[see the equations (50)]. Using (25), (44) and (54) Us can also be determined as

*A 1 (' 1tS111t~)US = Us -- 1ts--- c.
1tss 1t11 t

(55)

Here we are only interested in real equilibrium states, and it will therefore be assumed
that the increment c is given in the right direction to ensure real solutions.

Evaluating the stability determinant at the particular states defined by (50), (54) and
(55) we get

and using (43) we have

N

~ = [1t111U1±(21tl111t'lC)t+Cm~A] TI1tss
s=2

N

~ = ±(- 21t ll1 1t'lC)t TI1tss.
s=2

(56)

(57)

Evidently (57) is positive for one solution and negative for the other lying on the opposite
side of the critical zone. Moving the point A along the critical zone and assigning certain
values to c, the stability of all equilibrium states in the vicinity of F can be examined. The
obvious conclusion can be stated as a

THEOREM 4
The equilibrium surface is divided by the critical zone into two domains so that on

one side of the critical zone the equilibrium is stable and on the other side the equilibrium
is unstable.
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8. DISCUSSION AND CONCLUSIONS

A detailed non-linear stability analysis of discrete conservative structural systems,
whose loss ofstability is associated with a "general" critical point (see Ref. [1 J), is presented.
The results demonstrate the general buckling and post-buckling characteristics of the
system, and are particularly concerned with the associated stability boundary:

1. It is shown that (Theorem 1), if a general critical point is a genuine limit point at
which bifurcation of solution is ruled out, then, the stability boundary cannot have
convexity towards the region of existence. Two corollaries follow immediately:

(a). A necessary condition that the stability boundary is convex towards the region of
existence is that bifurcation of solution at the general critical point must be possible.

(b). In the particular case of two loads only, this condition is both necessary and sufficient
The investigation of Loo and Evan-Ivanowski on the buckling of a shallow spherical

shell under the action of combined pressure and concentrated load at the apex provides
an example for this theorem. The authors conclude that the loss of stability of such a
system is always associated with an elliptic general critical point at which bifurcation
is ruled out, and hence the behaviour of the system must be in compliance with Theorem 1.
In fact the stability boundary reported is concave towards the region of existence as
expected.

2. It is observed that a one-degree of freedom system exhibits certain additional
buckling characteristics allowing an even stronger theorem to be proved:

The stability boundary of a one-degree of freedom system with two loads cannot have
convexity towards the region of inexistence.

The work of Fung and Kaplan [131 on the buckling of a sinusoidal arch under a sinu­
soidal load and having an initial thrust can be mentioned as a particular example for
this theorem. The buckling behaviour of this arch, when its geometrical properties allow
the "general" critical points to take place, is analogous to that of a one-degree of freedom
system; and the associated stability boundary is, in fact, convex towards the region of
existence.

Although the preceeding two results are asymptotic, thus being valid in the vicinity
of a fundamental state, it is intuitive that if a surface is convex at every point it is also
convex in its entirety. The theorems will, therefore, hold for the entire stability boundary
provided the loss of stability is always associated with "general" critical points under
various combinations of loads. This conclusion has some practical consequences: thus,
an upper bound (lower bound) to the stability boundary can readily be obtained on the
basis of Theorem 2 (Theorem 1) if any two points on it are known (by simply joining these
two points).

3. Another interesting general result is Theorem 3:
The critical surfaces (and in particular the stability boundary) constitute an existence

boundary, so that neighbouring equilibrium states can only exist for the points (of the
loading space) lying on one side of the critical surfaces.

One of the immediate consequences of this theorem is that the loss of stability of the
system will normany be associated with snap-through type buckling.

4. It is also shown that the critical zone divides the equilibrium surface into two
domains so that on one side of the critical zone the equilibrium is stable and on the
other side the equilibrium is unstable. In the proof presented for this stability
distribution on the equilibrium surface, the critical zone consists of general primarv
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critical points which are associated with an initial loss of stability. Thus an initially
stable surface becomes unstable beyond the critical zone.

Finally, it is expected that the general buckling and post-buckling characteristics
discussed in this paper will provide an insight into many particular problems of this
nature, and the theorems established (see also Ref. [14]) will prove useful particularly in
those situations in which the determination of the stability boundary poses serious funda­
mental difficulties and a lower or upper bound is sought.
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A6c-rpalcr-MccJIe,n:yeTcll YCTOH'UIBOCTb 061lleH ynpyroH cTpOIUeJlbHOH CI1CTeMbl, Onl1CaHHOH Ii o606uteH­
HblMH Koop,n:I1HaTaMI1 11 M rrapaMeTpaMI1 Harpy3KI1. Cocpe,n:oTO'lI1BaeTCll B 06JIaCTM KeHCOpaaTl-lBHblX
CHCTeM, KOTOpblX nOTepa YCTOH'II1BOCTH CBR3aHa C "06IlleH" KpHTl1'ICCKOH TO'lKOil. npe,n:JIaralOTCli
CYllleCTBeHHO onpe,n:eJIeHHble aCCMMIITOTM'IeCKMe 3aBMCMMOCTM, onMCblBalOlllMe nOBepxHocTb paBHOBeCMlI
B coce,n:CTBe KpMTH'IeCKoli: TO'lKM. Bae,n:eHHe HeKoTopbIX npe06pa30BaHHH II03BaJIlieT y,n:06HO HCCJIe.n:OBarb
JIOKaJIbHble cBoilcTBa noaepXHOCTM paBHOBeCI11111 npHpo,n:y nOTepM YCTOH'IIiBOCrl1. npoaepliarcli reopeMa,
KacalOutallcli pacnpelleJICHMll yCTOH'IHBOCTH Ha nOBepxHoCTH paBHOBeCI111.

06pau.meTcli cneQHaJlbHOe BHHMaHHe Ha npe,n:eJl YCToil'lHBOCTH CMCTeMbI. OKa3blBaerclI, 'Iro B .n:aHHOM
CJIy'lae CYlllecrByer crporall 3aBMCMMOCTb MelK,n:y THnOM KpI1TH'IeCKOH TO'lKM H l!>OpMOH npe.n:eJIa yCTO­
H'lHBOCTI1. npellJlaralOTCli TpH TeopeMbI, KacalOlllHeCll OCHOBHblX CBOHCTB npe,n:eJla YCTOH'IHBOCTIL


