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Abstract—The stability of a general elastic structural system described by N generalized coordinates and M
loading parameters is studied. Attention is restricted to conservative systems whose loss of stability is associated
with a “general” critical point. Explicit asymptotic relationships describing the equilibrium surface in the vicinity
of the critical point are derived intrinsically. The introduction of a certain transformation aflows the local
properties of the equilibrium surface and the nature of buckling to be examined conveniently. A theorem con-
cerning the stability distribution on the equilibrium surface is proved.

Particular emphasis is given to the stability boundary of the system. It is found that a close relationship
between the type of the critical point and the shape of the stability boundary exists. Three theorems concerning
the basic properties of the stability boundary are established.

I. INFRODUCTION

It Has been shown [1, 2] that the buckling behaviour of structures under combined loading
can normally be described either by a “general” or a “special” critical point on the
equilibrium surface. The former is generally associated with a limit point, but under
some conditions bifurcation of solution can also be obtained at the same critical point.
The latter, on the other hand, is a genuine bifurcation point at which a simple extremum
is definitely ruled out.

In the literature there exist a substantial number of investigations concerned with the
latter case. In fact, the loss of stability of frames, plates, cylindrical and conical shells
subjected to certain combinations of axial compression, shear, external pressure, etc., is
often associated with a “special” critical point. In contrast, the existing work which can
be associated with a “general” critical point is very limited. The experimental [3] and
theoretical [4] investigations of Evan-Ivanowski and Loo on the buckling behaviour of a
shallow spherical shell under the action of combined uniform pressure and concentrated
load at the apex form an example of the “general” case. As another example Sabir’s work [5]
on deep spherical shells can be mentioned.

In the development of the general theory of elastic stability it is usually assumed [6-9]
that the external loading of structures can be described by a single variable parameter.
Sewell [10] in presenting the static perturbation technique for stability problems has
started his analysis with a potential energy function comprising several parameters, but
due to the introduction of a single perturbation parameter at an early stage of the analysis,
the complete explicit equations of the equilibrium surface were not obtained. Furthermore
the stability boundary of the system was not examined.

The determination of a stability boundary arises as a significant problem in connection
with combined loading. Papkovich [11] considering the bifurcation buckling of a system
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proved that the associated stability boundary cannot have convexity towards the region
of stability. On the basis of this theorem one can readily arrive at some significant con-
clusions; thus the segment of a straight line joining any two points on the stability boun-
dary, for instance, represents a safe stability estimate and a lower bound to the problem.
The systems considered by Papkovich, however, exhibit a purely trivial fundamental
solution involving no pre-buckling deflections.

The aim of this paper is to develop the concepts introduced in a previous work [1]
and present a detailed discussion of the ““general’ case. In view of the very limited existing
work concerned with general critical points, it is felt that the assessment of general buckling
and post-buckling characteristics of such a system will provide useful information for
many practical problems of this nature. Particular emphasis is given to the associated
stability boundary and a concavity theorem for one-degree of freedom systems is proved.
The theory is developed in terms of generalized coordinates, only elastic conservative
systems being considered.

All the transformations used in the analysis are linear, and no attempt is made to
obtain the results or part of the results in invariant form.

2. BASIC DEFINITIONS AND FORMULATION OF THE PROBLEM

The system under consideration is described by N generalized coordinates ¢; and M
loading parameters A’. Before proceeding with the development of the theory it will be
convenient to introduce some of the geometrical concepts which will be used throughout
this paper, and make some basic definitions which will help the understanding of the
analytical approach.

Reference will often be made to two multi-dimensional spaces (manifolds) namely the
M-dimensional load-space and M+ N dimensional load—deflection space, the former
being a sub-space of the latter. It is assumed that the correspondence between the points of
these spaces and all ordered sets of variables is unique.

For a given state of loading (i.e. for a given set of A’) there will exist corresponding
positions of equilibrium, and an equilibrium state can be associated with a point of M + N
dimensional load—deflection space. The entirety of these equilibrium points is called the
equilibrium surface. It must be understood that, although a one-to-one correspondence
between the points of the load-deflection space and a specific set of M + N variables
(Q;— AJ) is assumed to exist, it does not necessarily follow that there is also a one-to-one
correspondence between a set of the loading parameters and the equilibrium states of
the system. In fact, the points of the load-space will, in general, be associated with more
than one equilibrium state which can be stable or unstable. Some of the points of the
load-space may correspond to states of critical equilibrium and we shall call the entirety
of these points the critical surface. Considering now a certain sequence of loading from
the unloaded state, certain points of the critical surface will be associated with an initial
loss of stability and we shall call the entirety of these points the stability boundary. In
other words the stability boundary is a specific part of the critical surface. It will later be
shown that no neighbouring equilibrium states exist beyond the stability boundary, and
then the stability boundary can more aptly be termed the existence boundary demarcating
the regions of existence and inexistence. It must be noted that the critical surface and
consequently the stability boundary are defined in the loading space and not in the load-
deflection space. In fact, they are the projections of the critical zone (consisting of critical
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equilibrium states) of the equilibrium surface into the loading space. This is illustrated
on a strip of the equilibrium surface in Fig. 1. In general, the equilibrium surface can have a
complicated shape, and at this stage we shall introduce the total potential energy of the
system which will be the basis of the subsequent analysisand provide an analytical definition
of the equilibrium surface. We assume that the total potential energy function

V= V(Q;,N) M

P

Stability Boundary

/1/ Critical Surface

Equilibrium Surface

Q,

Fic. 1.

is single-valued and well-behaved at least in the region of interest. The N equilibrium
equations

0V(Qja /}j‘l -
00;

define an M dimensional equilibrium surface in the M + N dimensional load-deflection
space. Suppose the equations (2} are solved simultaneously to yield results in the form

0 2

0: = QiA)), ()

and consider an arbitrarily chosen point F on the equilibrium surface representing a state
of equilibrium QF(A{) which will be called fundamental. Using ¢; and 4’ to denote incre-
ments in the variables @, and A’ respectively, the energy function can be referred to this
fundamental state by writing it in the form

V = V(Qf +q;, A+ ). 4
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We further introduce a linear, non-singular and orthogonal transformation,
N
qi == Z 1”‘“}‘, [C{U{ ’i 0., (5}
j=1

to diagonalize the quadratic form of the energy function in the ¢;. Introducing (5) into
the equation (4) we get a new function

H(u;, 2y = V(QF + o u;, Af + ). (6)

New variables u; are called “‘the principal generalized coordinates”.

The energy function being diagonalized, the derivatives H;(0,0) = (8*H/du?), repre-
sent the Poincaré’s stability coefficients and the ‘“general” critical point is defined [1]
as a point on the equilibrium surface where H,, = 0, H, # 0 for all s # 1 and
grad,H ,(0,0) # 0.

Assuming that our fundamental state F coincides with a “‘general’ critical point, we
shall now introduce a transformation of the A’ coordinates which will provide a canonical
representation of the linear form corresponding to (8*H/ou,04Y)|, = H(0,0). Thus we
choose a certain linear, non-singular and orthogonal transformation

WL ™

such that when it is substituted into the energy function H(u;, 4/} the resulting transformed
energy function

wu;, ¢') = Hlw;, Y f¢) (8)
will have the following properties:
73(0,0) # 0,27(0,0) = 0 9

for allm # 1. Here and elsewhere subscripts and superscripts denote partial differentiation
with respect to the corresponding u; and ¢’ respectively, and all derivatives are evaluated
at the fundamental state which is now a “general” critical point.

Clearly this transformation is based on the assumption that some coefficient H{(0,0)
is not zero, and in fact this condition is satisfied by the definition of the general critical
point (i.e. by grad; H(0,0) # 0). We also note that since the transformation (7) is related
only to the A', the quadratic form of the new function = in the ; is still diagonalized. Thus

7{0,0) =0 for i#| (10)

and the general critical point is defined simply by 7,, = 0 and 7, # 0 for s # L.

3. EQUILIBRIUM SURFACE

We can now start the analysis with the new potential energy function n(u;, ¢’), the only
necessary properties of which are given by the equations (9) and (10). The solution of N
equilibrium equations 7{u;, ¢*) can be described in parametric form by the functions,

u; = u,-(ek)

¢ = PE"),

(Ih
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of M unspecified parameters ¢ which must be chosen so that the functions (11) are single-
valued. The parameters &* can subsequently be equated to appropriate variables according
to the nature of the problem under consideration [2]. In order to avoid further complication
and due to the fact that this paper is devoted to the study of a general critical point only,
we shall choose the independent variables in the beginning, this choice being guided by
the authors previous work [1]. (See also Thompson’s paper [12].) Thus we choose the
critical coordinate u; and transformed loading parameters ¢™(m # 1) as M independent
variables and have the functions in the form

U, = us(ul » ¢m)’ ¢I = ¢/(ul » ¢m) (12)

where s # 1, m # 1. Substituting these functions back into the equilibrium equations
n; = 0 we get

nlufu, 9™, Py, ¢™] =0 (13)

in which although we write uu,, ™) and ¢*(u,, ¢™) for the sake of tidiness, in fact, only
u, and ¢’ are the functions of u; and ¢™ while all the ¢™(m # 1) and u, are independent
variables. It is further understood that the left-hand sides of (13) are the identically zero
functions of the independent variables and can therefore be differentiated with respect
to u, and ¢™ as many times as we please.

Thus differentiating (13) once with respect to u; and once with respect to
¢Mm = 2,3, -, M) we get

ﬂijuj,l +7[‘,1¢"1 = 0,
(14)

U} + it = 0
where differentiation of variables are indicated by superscripts and subscripts with commas,
and summation convention is adopted both for subscripts and superscripts separately

so that summations over subscripts range from 1 to N and over superscripts from 1 to M.
Evaluating (14) at the critical point F we have

$1=0 ,
fori=1 (15)
¢ =0
and
us,l = 0
fori=s. (16)
m_ _Ts
ur = ——
nSS

Differentiating the first of the equations (14) with respect to u, we have
(Tijahe, s + 50Dy 1 + My, 11+ (Rhaty,  + i @Yl + migl, = 0 (17

which when evaluated at the point F yields fori = 1

;. M
1= ——,
U3}
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and fori =5
1 7
Ug 1 = = Hsn”?{,'”nl . {18}

Differentiating again the first of equations (14) this time with respect to
¢™m = 2,3, M) we get

(e + %™ ¢+ 1 U+ (T + m ™ + mipi™ = 0 {19)

which upon evaluation yields for i = 1

m Ly, Ty
U= AT Ry ) (20)
Ty Tss
Now we differentiate the second of the equations (14) with respect to ¢"(n = 2.3, . M)
to get
(Rt + TR W + 7 (il + 7 I 4 miphm = Q. (21

Evaluating at the critical point F and using the equations (15) and (16) we get for i = 1

n

I8

, 1 n'"n, 7r sns + s

qb‘mn: T( r{m__{_ — 1 s ln‘)
Ty ssihrer
wheres # Lr# I,m#1,n#1
We are now in a position to derive the asymptotic relationship ¢ = ¢'(u;. ¢™) and
u, = uduy, ¢™). Thus, using Taylor’s expansion and the derivatives {15), (16), (18), (20}
and (22) we have
1 Y 1 P N

T oyt A+ T =Ty e Uy O L[ ATy~ 2R " = 0 23

¢ CRELY ( 11 11Anss) 19 ( S . )¢</7 (23)

and
m im 1 7(;. 2
T+ 17 +35 ﬁsu"‘?‘ti‘nnx uy = 0 (24)
2 !

where summation convention, as described before, is adopted. Using (23}, the equation (24)
can also be written in the form

M1 17 .
ogthy + ™ + | 74— ﬁii—i)q)' =0. (25

T

The equations (23) and (25), when considered together, define the M dimensional
equilibrium surface in the vicinity of the fundamental state F, and when considered in-
dividually they represent the projections of this surface into the u, — @' and u,—¢' sub-
spaces respectively.

Suppose we take a general ray given by ¢' = I'¢ where at least I' # 0. The equilibrium
equations {23) and {25) will then yield

& +5myui =0 (26)
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and

Tgsths + [ﬂi"l'“r (n;—@'}ﬂ)l’]é =0 (27)
i1
which indicate a limit point on a plot of u, against {. o
On the other hand, suppose we take a special ray defined by ¢' = I'¢ where I' = 0 and
I" + 0; the equations (23) and (25) now yield

1
U = [—ai(az——m“b)ﬂf (28)
Tyt
and
u, = »—Em{l'"cf (29)
nSS

in which a and b are constants and given by

]

m s m . .mjm

a= Ty — T = "l
Tss

(30)
b= (vr’{‘”a—ms,ﬁ—Z%)lml” = dmm,
TgsTlpy Tgs
(28) obviously indicates bifurcation on a plot of ¢ against u; provided
a’>—m 10 > 0. (an

It is thus observed that at a general critical point both an extremum and bifurcation
can be obtained on different plots, this depending on the shape of the equilibrium surface.
In order to visualize this surface we shall consider the special case of two loads, namely ¢’
and ¢?; then (23) becomes the equation of a

Synclastic <0 (32a)
Anticlastic surface if a> — ;b > 0 (32b)
Parabolic = (. (32¢)

These surfaces are illustrated in Figs. 2(a), (b) and (c) respectively. Using a similar terminol-
ogy the critical point F can be called elliptic if (32a) holds, hyperbolic if (32b) holds and para-
bolic if (32¢) holds. It is clear that in the event of elliptic and parabolic points bifurcation
is ruled out while a hyperbolic point can be regarded a limit point on a plot of uy —¢’,
and a bifurcation point on a plot u; —¢>.

Extending the terminology used for two-dimensional surfaces to multi-dimensional
surfaces, we shall call the surface (23) synclastic if (32a) holds for all possible rays given
by ¢' = I' where I' = 0, some I™ # 0 (m # 1) in which case the matrix [¢"c¢"—m,, ,d™] is
negative definite. The surface (23) will be called anticlastic if (32b) holds for all rays defined
above in which case the matrix [¢"c" —n,, ,d™] is positive definite. Similarly the surface (23)
will be called parabolic if (32¢) holds for all rays defined above in which case the matrix
[c"c" —my,d™] becomes a null matrix. Clearly, if the surface is not synclastic, it does not
necessarily follow that the surface is either anticlastic or parabolic. In fact, when the
matrix [¢"¢"—myq,d™] is indefinite, the surface takes a quite arbitrary shape. One of the
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\ z
4 ¢ ;Q
T AN v“! F 'u,
{a)
¢

{b)
\ 2
N 2 ®
7
7
,I
N F "y,
{e)
Fic. 2.

reasons we introduce the above terminology is to ease the reference to these particular
shapes which will often arise.

4. CRITICAL ZONE AND STABILITY BOUNDARY

In the preceding section the shape of the equilibrium surface around a general critical
point has been investigated. In this section we proceed to determine other critical points
which might exist in the vicinity of the point F on the equilibrium surface.

Critical points should satisfy the determinantal equation

A= i’ffg(ﬁksﬁﬁx}i = %Hi;{uk: Az}i = Eaijizn/;j(‘?ks A =0 (33)

Differentiating the determinant Ay, ¢') = |, {w, ¢"| by columns (or by rows) once with
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respect to u; and once with respect to ¢/ and evaluating at the point F we get

N
Ay = myy nﬂss
=2 (34)

N
A =7y Hnss
s=2

which will be used later in the analysis.

Considering the equation (33) together with the equilibrium equations, we see that the
solution of these N + 1 equations can be described by N + 1 functions of M — 1 independent
parameters which we choose as ¢™(m # 1). Thus the functions take the form

b= 4™, ¢ =™ (35)

where a star is used to denote the critical variables. If these functions are substituted into
the equilibrium equations n; = 0 and into the equation (33) we obtain the conditions of
critical equilibrium as

L), (d, 4 = N 06)
Ali( @), §(¢m), 61 = 0.
Differentiating these functions with respect to 43"*(m = 2, ", M) we have
7; -z??'+7t§q§”’"+7t§” =0
Shas ] i } (37)
AP +A G +A" =0
which on evaluating at the critical point F yield
gm=0
ur =0
(38)
- g
Uy = -~ Ty — iy )
Tyt Tss

It is noted that subscripts and superscripts on the variables now denote differentiation
with respect to the corresponding generalized coordinate and critical loading parameter
respectively.

. Differentiating the first of the equations (36) for a second time with respect to
P"(n =2,3, -, M) we get

(7l + 17 0"" + AT 7 0" 4 (e 18 + né’gf;"" + nf‘)d;""' + n}(l;""'”

. v (39

N R SN ) )
Evaluating at the point F, (39) yields

Ty BTG 70y BT + 7y T Ty T

+ m U+ T G T I+ AT = 0, (40)
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Substituting for 47 and 47 in (40) we get
¥, i
Fom = (e =y ™) @1
Ty

where ¢™ and 4™ are constants and defined by (30).
The asymptotic relationships can now be written in the form

¥ I

Y guy . N S am Im Ln 5
¢ 27{,17!“1&? "=y d")PMP, (42)
. [ 7Ty s 1 s
Uy = "“"‘(T[Tl —'75511“—) Pt = — P 43)
Tyt s Tiry
and
. g s
iy = ——¢" (44)
nSS

which, when considered together, define the critical zone of the equilibrium surface in the
vicinity of the critical point. When considered individually, (42) represents the stability
boundary (in general the critical surfaces) while the equations (43) and (44) represent the
projections of the critical zone in the u; — ¢™ and u,— ¢™ subspaces respectively.

Now suppose the fundamental state is an elliptic point satisfying (32a) for all rays given
by ¢™ = "¢ (m # 1), then, the matrix [¢™c"—n,1d™] is negative definite and hence the
stability boundary (42) is a synclastic surface concave towards the region of existence
which is identified by the curvature ¢yl = —7a(/7| obtained from the equilibrium
equation {23) on a plot of u; against ¢". In the majority of practical problems it becomes
concave towards the origin of the loading space.

On the other hand if the fundamental state is a hyperbolic point the stability boundary
is again synclastic but convex towards the region of existence. If F is a parabolic point the
stability boundary becomes a plane.

It must be noted that in general the stability boundary might not be synclastic, and
this happens when the matrix {¢™¢"— =, ,d™] is indefinite, this possibility being obviously
ruled out in case of two loading parameters (¢’ and ¢?) only.

We clearly see, however, that if the matrix [¢™c”" — 7, 1 1 #™"] I8 positive or positive definite
Le. if

P -m b0 {45)

the stability boundary cannot have convexity towards the region of existence. Since the
condition (45) also eliminates (see section 3) the possibility of bifurcation, a Theorem has
been established :

THEOREM 1
If the critical point is a genuine limit point at which bifurcation is ruled out, then the
associated stability boundary cannot have convexity towards the region of existence.

COROLLARY |
A necessary condition that the stability boundary is convex with regard to the region
of existence is that the possibility of bifurcation at the associated critical point must not

be ruled out.
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COROLLARY 2

In the particular case of two loads (¢’ and ¢?) only, the aforementioned condition
(corollary 1) is both necessary and sufficient. i.e. If bifurcation at the critical point is possible
then the stability boundary is convex with respect to the region of existence.

5. STABILITY BOUNDARY OF A ONE-DEGREE OF FREEDOM SYSTEM

So far, the potential energy function V and consequently the functions H and n were
assumed to be general in the sense that they were not linear in the loading parameters.
These parameters can, therefore, represent some other variables such as imperfections.
In the majority of structural problems, however, the potential energy V is linear in external
loads, and if the A are restricted to represent the external loading only, we can conclude
on the basis of the transformation (7) that all the second and higher order derivatives of
the function 7 with respect to the ¢ should vanish. Thus

ko gkl . ok kim o _ ... _
= gl = =n; =ni" = = 0. (46)

Using (46) and assuming that we have only two loads, namely the ¢’ and ¢, (the proof

for the case of M loads will be given elsewhere) we obtain the stability boundary of a
one-degree of freedom system as

e — (7%1)2 T2\2 (47)
2mymy g4
and the equilibrium surface as
T + 37y Ut + 1t Uyt =0 (48)

where brackets are used to denote the square of variables with superscripts.
On a comparison of the curvatures

. 232
(m11) Ti11
&P == and ¢|p = —

’

T1Ty11 1

we see that the stability boundary is convex towards the region of existence. Hence the
following theorem for a one-degree of freedom system with two loads is proved;

THEOREM 2
The stability boundary of a one-degree of freedom system with two loads, cannot
have convexity towards the region of inexistence.

6. CRITICAL SURFACES AS THE EXISTENCE BOUNDARY

It is noted that we are using the curvature ¢, = —n,,/7; as a criterion to determine
the regions of existence and inexistence, but this point needs further clarification.

Evidently, if ™ = 0(m # 1) the real equilibrium states in the vicinity of F can only
exist for either ¢’ > 0 or ¢’ < 0 depending on the sign of the coefficients n,,, and 7.
We shall now show that the critical surfaces (and in particular the stability boundary)
constitute an existence boundary in the sense that real equilibrium states can only exist
for the points (of the load—space) lying on one side of the critical surface, there being no
neighbouring equilibrium states corresponding to the points lying on the other side of the
critical surface.
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Considering an arbitrarily chosen point 4 on the critical surface defined by a set of
critical parameters ¢ (i = 12,7+, M) we shall examine the corresponding equilibrium
states by keeping ¢™ = ¢ = const (m # 1)and giving a small but finite increment ¢ to ¢A
For certain values of ¢, a set of parameters

" =4, P = Pate

defines a point in the original load-space (A’ space).
Substituting for ¢’ and ¢™ in the equilibrium equation (23) we get

Ty @ +The+ 3y Ui + Uy @ + 3d™ PN = 0. (49)

Using (42) and (43) which must be satisfied by all the critical parameters we have

Uy = ﬂ‘i‘j—i»(——Zn”ln’,s)’}. (50)
USEE

Now suppose n,,; and 7y have the same sign, then, real equilibrium states can only
exist for ¢ < 0. As the point A slides on the critical surface, ¢ < 0 will define the region
of existence and ¢ > 0 (the other side of the critical surface) will define the region of in-
existence. On the other hand if n;,, and 7} have the opposite sign, real solutions can only
exist for ¢ > 0 defining the region of existence. Obviously ¢ = 0 gives the point A4.

Thus it can be concluded that the critical surface is, in fact, an existence boundary and
regions of existence and inexistence can be located by examining the sign of the curvature
¢11lp. This is a general result which is valid regardless of the shape of the equilibrium
surface. On the basis of afore going theory the following theorem can be stated:

THEOREM 3
The critical surfaces constitute an existence boundary so that neighbouring equilibrium
states can only exist for the points (of the load-space) lying on one side of the critical surfaces.

7. STABILITY OF EQUILIBRIUM

In order to examine the stability of the equilibrium states in the vicinity of F we suppose
that F is general primary so that n,, = 0, 7, > O(s # 1).

For the stability of an equilibrium state, it is required that the potential energy function
have a complete relative minimum at that point. If the state is non-critical the necessary
and sufficient condition of stability is the positive definiteness of the second variation of
energy. This implies that the stability determinant

Ay, (15‘) = |7 {1y, <¢>’)!

evaluated at that point must be positive. If the stability determinant is negative, then, the
equilibrium state is unstable. It must be noted, however, that the assessment of stability
by examining the sign of the stability determinant is only valid in the vicinity of a primary
critical point since the stability coefficients cannot change sign in this small region before
passing through zero.
Expanding A(u, ¢") into Taylor series around F, and using (34) we have
N

A = (g + 7 @) ] m+30 1+ 51
s=2
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Evaluating (51) at an arbitrary equilibrium point which is defined by the equations (23)
and (24), and keeping to a first approximation we get

N
A=(myyauy+c"¢™) [ 7. (52)
s=2

Since we are restricting attention to the neighbourhood of a primary critical point
where 7, > 0(s # 1) we have the following stability criterion

> stable
Ty114y + "™ = 0 for critical equilibrium. (53)
< unstable

Consider now a critical point A4 on the critical zone satisfying the equations (42), (43),
and (44). Neighbouring equilibrium states can be obtained by keeping ¢7% (m # 1) con-
stant and giving a small but finite increment ¢ to ¢’,. Thus for certain values of ¢, the set of

¢m = 41 }
¢ = Pute

corresponds to certain equilibrium states. #; was determined in the preceding section
[see the equations (50)]. Using (25), (44) and (54) u, can also be determined as

(54)

1 117,
u, = i ——|m— =2 g (55)
Tss Ty11

Here we arc only interested in real equilibrium states, and it will therefore be assumed
that the increment ¢ is given in the right direction to ensure real solutions.

Evaluating the stability determinant at the particular states defined by (50), (54) and
(55) we get

N
A = [ry, 08 +2nyy mhe) + P I1 = (56)
s=2
and using (43) we have
N
A= +(-2m; mhe)? H Tsse (57)
s=2

Evidently (57) is positive for one solution and negative for the other lying on the opposite
side of the critical zone. Moving the point 4 along the critical zone and assigning certain
values to ¢, the stability of all equilibrium states in the vicinity of F can be examined. The
obvious conclusion can be stated as a

THEOREM 4
The equilibrium surface is divided by the critical zone into two domains so that on

one side of the critical zone the equilibrium is stable and on the other side the equilibrium
is unstable.
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8. DISCUSSION AND CONCLUSIONS

A detailed non-linear stability analysis of discrete conservative structural systems,
whose loss of stability is associated with a “general” critical point (see Ref. [11), is presented.
The results demonstrate the general buckling and post-buckling characteristics of the
system, and are particularly concerned with the associated stability boundary

L. It is shown that (Theorem I). if a general critical point is a genuine limit point at

which bifurcation of solution is ruled out, then, the stability boundary cannot have
convexity towards the region of existence. Two corollaries follow immediately:
(a). A necessary condition that the stability boundary is convex towards the region of
existence is that bifurcation of solution at the general critical point must be possible.
{b}. In the particular case of two loads only, this condition is both necessary and sufficient.

The investigation of Loo and Evan-Ivanowski on the buckling of a shallow spherical
shell under the action of combined pressure and concentrated load at the apex provides
an example for this theorem. The authors conclude that the loss of stability of such a
system is always associated with an elliptic general critical point at which bifurcation
is ruled out, and hence the behaviour of the system must be in compliance with Theorem 1.
In fact the stability boundary reported is concave towards the region of existence as
expected.

2. It is observed that a one-degree of freedom system exhibits certain additional
buckling characteristics allowing an even stronger theorem to be proved:

The stability boundary of a one-degree of freedom system with two loads cannot have

convexity towards the region of inexistence.

The work of Fung and Kaplan [13] on the buckling of a sinusoidal arch under a sinu-
soidal load and having an initial thrust can be mentioned as a particular example for
this theorem. The buckling behaviour of this arch, when its geometrical properties allow
the “general”’ critical points to take place, is analogous to that of a one-degree of freedom
system; and the associated stability boundary is, in fact, convex towards the region of
existence.

Although the preceeding two results are asymptotic, thus being valid in the vicinity
of a fundamental state, it is intuitive that if a surface is convex at every point it is also
convex in its entirety. The theorems will, therefore, hold for the entire stability boundary
provided the loss of stability is always associated with “general™ critical points under
various combinations of loads. This conclusion has some practical consequences; thus,
an upper bound (lower bound) to the stability boundary can readily be obtained on the
basis of Theorem 2 {Theorem 1) if any two points on if are known (by simply joming these
two points).

3. Another interesting general result is Theorem 3:

The critical surfaces {and in particular the stability boundary) constitute an existence
boundary, so that neighbouring equilibrium states can only exist for the points {of the
loading space) lying on one side of the critical surfaces.

One of the immediate consequences of this theorem is that the loss of stability of the
system will normally be associated with snap-through type buckling.

4. 1t is also shown that the critical zone divides the equilibrium surface into two
domains so that on one side of the critical zone the equilibrium is stable and on the
other side the equilibrium is unstable. In the proof presented for this stability
distribution on the equilibrium surface, the critical zone consists of general primary
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critical points which are associated with an initial loss of stability. Thus an initially
stable surface becomes unstable beyond the critical zone.

Finally, it is expected that the general buckling and post-buckling characteristics
discussed in this paper will provide an insight into many particular problems of this
nature, and the theorems established (see also Ref. [14]) will prove useful particularly in
those situations in which the determination of the stability boundary poses serious funda-
mental difficulties and a lower or upper bound is sought.
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AGerpakt—HMcceayeTcs YCTORUMBOCTE 06LeH ynpyroi CTPONTENnbHOM CHCTeMBI, ONMcaHnol 1 06oBulen-
HbIMM KOOpIAuHaTamH n M napameTpamu Harpysku. CocpeaoroumBaeTcs B OBIACTH KEHCODPBATHUBHBIX
CHCTEM, KOTOPBIX NOTepa YCTOHYMBOCTM CBf3aHa ¢ ‘“‘ofwiei” xpuTuyeckoit touxo#l. IIpennaraiorcs
CYWECTBEHHO ONPENEIeHHBIE ACCHMITOTHYECKHE 3aBUCHMOCTH, ONKCHIBAIOUIME MOBEPXHOCTH PABHOBECHS
B COCEACTBE KPUTHHECKOH TOYKM. BBenenne nekoTopbix npeobpa3zosanuit no3panser ynoOHO MCCIEN0BATD
JIOKANBHBIE CBOACTBA NOBEPXHOCTH PABHOBECHS M IPMPOY NOTEPH yeToduuBoctu. TIpoBepsartca Teopema,
Kacarowmasics pacrnpeleieHis YCTORYHBOCTH Ha IOBEPXHOCTH PABHOBECHS .

O6pauaercs crietMasibHoe BHHMAHHUE HA MIPEIEN YCTONYHBOCTH CHCTEMBI. Oxa3bIBaercs, YTO B JIAHHOM
Ciydae CyLIECTBYET CTPOTas 3aBUCHMOCTB MEXAY TWIIOM KPHTHYECKOH TOYkH u dopmoii npegena ycro-
fivusocTy. IlpeaaratoTcs TpM TeOpeMbl, KACAIOLUMECH OCHOBHBIX CBOHCTB NIpenesa YCTORYMBOCTA.



